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We investigate a two-leg spin ladder system composed of
alternating-spin chains with two-different kind of spins. The
fixed point properties are discussed by using spin-wave anal-
ysis and non-linear sigma model techniques. The model con-
tains various massive phases, reflecting the interplay between
the bond-alternation and the spin-alternation.
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I. INTRODUCTION
Since the seminal work of Haldane1, quantum spin
chains have been extensively studied as one of the sim-
plest but the most typical quantum many-body systems.
The fixed-point properties of such systems depend on
whether the spin is integer or half-integer, as shown by
the use of the non-linear sigma model (NLSM) with a
topological term1,2. The massive phase of the integer-
spin chains, called Haldane phase, has been understood
as valence-bond-solid (VBS) states proposed by Affleck
et al.3. Quantum phase transitions caused by the bond-
alternation have been predicted4 and have been con-
firmed numerically5, which in fact fits in with the VBS
picture. Current interest has been spread to wider classes
of spin chains, stimulated by experimental realization
of a variety of spin systems. A typical example is the
spin ladder system6–8, owing to the discovery of the
high-temperature superconductivity, and another is the
alternating-spin chain composed of two kind of spins9–11.
In this paper, we propose and investigate a novel spin
model, stimulated by recent interests mentioned-above,
i.e., a two-leg spin ladder model composed of alternating-
spin chains with some kind of bond-alternations. This
type of spin systems are expected to be synthesized ex-
perimentally in future, and thus could provide an inter-
esting example in quantum spin systems. What is partic-
ularly interesting in this model is that one can explicitly
see the interplay between the bond-alternation and the
spin-alternation, both of which affect the quantum phase
transitions. We first study the model by the spin-wave
analysis, and then by mapping it to the NLSM we demon-
strate that it is not only the bond-alternation but also
the spin-alternation which gives rise to a rich structure
for the phase diagram.
II. THE MODEL
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FIG. 1. Schematic illustration of the model.
The model we investigate (see Fig.1) is a two-leg spin
ladder system composed of alternating-spin chains with
two kind of spins s1 and s2, defined by
H =
N∑
j=1
[
2∑
i=1
JΓi,jSi,j · Si,j+1 + J0Γ0,jS1,j · S2,j
]
, (1)
where Γi,j are bond-alternation parameters
Γi,j =
{
1− γi for j = odd
1 + γi for j = even
, (2)
for i = 0, 1, 2, and N (= even) is the number of sites for
each chain. We denote the spin of the jth site of the ith
chain as si,j , where
si,j =
{
s1 for j = odd
s2 for j = even
, (3)
for i = 1, 2. What is interesting is that the model nat-
urally interpolates two kind of alternating-spin chains.
Namely, when J0 = 0 it reduces to two independent
alternating-spin chains s1⊗s2⊗s1⊗s2⊗· · · with ferrimag-
netic ground state10. On the other hand, when γ1 = 1
and γ2 = −1 (J0 6= 0) it becomes a single “alternating-
spin chain” s1 ⊗ s1 ⊗ s2 ⊗ s2 ⊗ · · · with a singlet ground
state, which has recently been studied in ref.12–14. In
what follows, we restrict ourselves to antiferromagnetic
couplings 0 < J , 0 < J0 and −1 < γi < 1. Then the
ground state proves to be a unique singlet.
III. SPIN-WAVE MODES
Analysis of the spin-waves is indispensable to map-
ping to the NLSM, since the mapping is ensured by the
1
linear-dispersion relation of the spin-wave mode above
the classical Ne´el ground state. For this purpose, it is
suitable to introduce four kind of bosons to express the
spin generators by the use of the Holstein-Primakoffmap-
ping (see Fig.1 for the numbering), assuming the Ne´el
configuration. In the momentum space, the spin-wave
Hamiltonian of quadratic order in boson operators is cal-
culated as Hsw =
∑N/2
k=1 A
†HA, where H =
(
h ∆
∆¯ h¯
)
.
In this equation, we have defined Ai = ai (a
†
i ) for
i = 1 ∼ 4 (5 ∼ 8) and 4× 4 matrices h and ∆
h = Jdiag(s2, s1, s2, s1)
+
J0
2
diag(Γ−s1,Γ+s2,Γ−s1,Γ+s2),
∆ =
1
2


0 ∆1 ∆− 0
∆1 0 0 ∆+
∆− 0 0 ∆2
0 ∆+ ∆2 0

 , (4)
where
∆j = 2J
√
s1s2
(
cos p+ (−)jiγj sin p
)
,
∆+ = J0Γ+s2,
∆− = J0Γ−s1. (5)
We have denoted the momentum as p ≡ 2πk/N with
integers k = 1, · · · , N/2. Here and in what follows, we
occasionally use a simpler notation Γ± ≡ 1±γ0. Now in-
troduce the Bogoliubov transformation A = UB, where
U is a 8 × 8 matrix. If the transformed operators B
satisfy the boson commutation relations, the matrix U
should satisfy UNU† = U†NU = N , where we have in-
troduced the metric N = diag(14,−14) with 14 being the
4× 4 unit matrix.
The spin-waves are composed of four modes in general.
However, in the case γ1 = −γ2 two of them become de-
generate and we have only two modes. In what follows,
we restrict ourselves to this simple case, and investigate
especially the effects of γ0 and its interplay with the spin-
alternation for the ground state properties of the model.
For this purpose, we will simplify the notations,
γ1 = −γ2 ≡ γ‖, γ0 ≡ γ. (6)
For this simple case, we can diagonalize the spin-wave
Hamiltonian and explicitly obtain the dispersion rela-
tions of the form
ω± =
√
2
√
A sin2 p+B ±
√
(2AB − C) sin2 p+B2,
(7)
where
A = 2J2(1− γ2‖)s1s2
B = J [J(s1 − s2)2 + 2J0s1s2]
C = 4J2J0s1s2{J(1− γ2‖)[(1− γ)s21 + (1 + γ)s22]
+J0(1− γ2)s1s2} (8)
The lower spin-wave mode in eq.(7) is thus found to have
a linear dispersion for small momenta, ω− ∼ vsp, where
vs =
√
C/B. (9)
In Fig.2, we present some examples of these modes.
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FIG. 2. Spin-wave spectrum as functions of the momentum
p for J0 = 0.01 (dotted line) 0.1 (dashed line) and 0.5 (solid
line) with other parameters being fixed as s1 = 1/2, s2 = 1,
J = 1 and γ0 = γ1 = γ2 = 0.
First, let us look at the dotted line in Fig.2, which is cal-
culated for rather small inter-chain coupling J0 = J/100.
Note that it resembles, in this energy scale, the quadratic
dispersion relation for the ferrimagnetic case, ω±/J =
±|s2−s1|+
[
(s1 − s2)2 + 4s1s2 sin2 p
]1/2
. However, from
eq.(7), the lower mode is always linear as far as J0 6= 0,
even though its linearity is restricted to small momen-
tum region. This reflects the fact that the ground state
is always singlet in spite of the magnitude of J0(6= 0).
In fact, if we increase the inter-chain coupling J0 up to
∼ J/10 (dashed-line), we can explicitly see that the lower
mode has a linear dispersion in a wider momentum re-
gion. Therefore, even for rather small J0, we expect that
the model can be described by the NLSM at least quali-
tatively.
IV. O(3) NONLINEAR SIGMA MODEL
APPROACH
We have so far investigated the classical properties of
the ground state. However, the low-energy quantum fluc-
tuation plays an essential role in determining the true
ground state. In order to investigate them, we will use
NLSM techniques1,2,15–17. Introducing the SU(2) coher-
ent state by 〈ni,j |Si,j |ni,j〉 = si,j(−)i+jni,j , we have the
effective action given by S = SB + SI , where
SB = −i
2∑
i=1
N∑
j=1
si,j(−)i+jω[ni,j ],
SI = −
N∑
j=1
( 2∑
i=1
JΓi,j
∫ β
0
dτni,j ·ni,j+1
+J0Γ0,j
∫ β
0
dτn1,j ·n2,j
)
, (10)
2
Here, ω[n] is the Berry phase defined by ω[n] =∫ β
0
dτ
∫ 1
0
dun·(∂τn×∂un).
Now introduce the semi-classical Ne´el configurationm
and fluctuations la around it as follows,
ni,2j+a = m(2j + a) + (−)i+aa0la(2j + a), (11)
for i = 1, 2, j = 0, 1, · · · , N/2− 1 and for a = 1, 2, where
a0 is a lattice constant. We have introduced two kind
of the fluctuation fields l1 and l2
15–17, by taking into
account the fact that we have two spin-wave modes in
the above spin-wave analysis. Now the calculation is
straightforward, and we reach the lagrangian
L = 1
2
laLablb + iuala ·(m×∂τm)
+vala ·∂xm+ w(∂xm)2 (12)
where repeated indices a and b should be summed over,
and where
L = 2
(
Js1s2 + J0Γ−s
2
1 Js1s2
Js1s2 Js1s2 + J0Γ+s
2
2
)
,
u
t = (s1, s2), v
t = 2Jγ‖s1s2(1, 1), w = Js1s2. (13)
Here, the couplings J and J0 mean those in unit of a0.
Integrating out the fields l, we end up with
L = 1
2g
[
vs(∂1m)
2 +
1
vs
(∂2m)
2
]
+
θ
8π
ǫµνm · (∂µm×∂νm), (14)
where
θ = 4πiutL−1v
=
4πiγ‖s1s2 [(1− γ)s1 + (1 + γ)s2]
(1− γ)s21 + (1 + γ)s22 + R(1− γ2)s1s2
,
g =
[
(2w − vtL−1v)utL−1u]−1/2 ,
vs =
[
(2w − vtL−1v)/utL−1u]1/2 . (15)
Here we have defined the ratio R = J0/J . What
is remarkable is that the spin-wave velocity calculated
here coincides exactly with eq.(9), which implies that
the present NLSM approach is consistent with the spin-
wave analysis. Before discussing the phase diagram, we
will check the formulae (15) by comparing them with
those in some limits we have already known. First, set
s1 = s2 ≡ s and γ = 0, and we have θ/πi = 8sγ‖/(2+R),
exactly coinciding with the formula in ref.16 for the usual
two-leg ladder with intra-chain bond-alternation. Set fur-
thermore γ‖ = 0, we have θ = 0, g = 1/s× (1 +R/2)1/2
and vs = 2sJ(1+R/2)
1/2, which correctly reproduce the
formulae in15,17 for the usual uniform ladder. Next, set
γ‖ = 1, γ = 0, J = J
′(1 + γ′)/2, and J0 = J
′(1 − γ′),
then we have the expression θ = 4πi(1 + γ′)s1s2(s1 +
s2)/[(s1 + s2)
2 + γ′(s1 − s2)2], etc, derived in14 for the
single s1 ⊗ s1 ⊗ s2 ⊗ s2 ⊗ · · · chain.18
V. PHASE DIAGRAM
Now let us investigate various phases of the model.
First of all, the formula (15) tells us that if γ‖ = 0 we have
always θ = 0, leading to massive phases. In other words,
non-trivial massless phases can occur if γ‖ 6= 0. In what
follows, we assume γ‖ 6= 0 and investigate the phases of
the model. Let us first consider the case s2 → ∞, for
example. We have θ → 4πiγ‖s1, i.e, the phases of the
model are controlled only by the smaller spin, indepen-
dent of R and γ. This simple statement is, needless to
say, valid only for this case: In the rest of the paper, we
investigate the properties of the phase transitions in more
general cases, putting stress on how the spin-alternation
affects them. In what follows, we set s1 ≤ s2 for sim-
plicity. As the intra-chain bond-alternation γ‖ has been
already discussed in ref.16, we concentrate on the inter-
chain bond-alternation γ (= γ0) and its interplay with
the spin-alternation, assuming 0 ≤ γ‖ without loss of
generality. Setting θ/(πi) ≡ n with n being an odd in-
teger, we can draw in the R-γ plane the critical lines on
which the model is expected to be massless,
R =
s1
1 + γ
(
4γ‖
n
− 1
s2
)
+
s2
1− γ
(
4γ‖
n
− 1
s1
)
. (16)
We can see that according to the value of n there appear
three kind of lines (see Fig.3),
(i) n < 4γ‖s1,
(ii) n = 4γ‖s1,
(iii) 4γ‖s1 < n < 4γ‖s2.
The line (ii) exists only the case in which 4γ‖s1 happens
to be an odd integer. The lines (ii) and (iii) can exist
only if the two kind of the spins are different, s1 6= s2.
In other words, the effects of the spin-alternation can be
observed typically by the existence of lines of the types
(ii) and (iii).
We note that in the region near the γ axis (with quite
small R), the present approximation may become worse,
because when exactly R = 0, the model decouples to two
independent alternating-spin chains with ferrimagnetic
ground state, which cannot be described by the present
approach. However, as noted above, as long as J0 6= 0 we
always have a linear spin-wave dispersion even though it
is restricted, for small J0, in a small momentum region.
Therefore, we believe that the phase diagram in the R-γ
plane is qualitatively valid even for small R.
A. s1 = s2 case
Because the inter-chain bond-alternation is introduced,
as far as we know, for the first time in this paper, let
us first consider the usual ladder system with s1 = s2.
What we would like to claim here is that the inter-chain
3
bond-alternation really affects θ once the finite intra-
chain bond-alternation is introduced even for the usual
s1 = s2 = 1/2 ladder as follows:
(1) for 1/2 < γ‖ < 1 we have only one massless line
R = 2(2γ‖− 1)/(1− γ2) ≡ R1(γ), corresponding to
n = 1,
(2) for 0 ≤ γ‖ ≤ 1/2 we have no massless line.
In case (1), we expect to have the VBS state
in the region R > R1(γ) while in the opposite region
R < R1(γ) we may have the state
between which we have a massless phase. Contrary to
this, in case (2), we have the former VBS state in the
whole R-γ plane. From these observations, we see that
the inter-chain bond-alternation indeed affects the phase
structure.
B. s1 6= s2 case
Now let us discuss the model with s1 = 1/2 and s2 = 1,
which may be one of the most probable candidates for
the experimental observation of the alternating-spin lad-
ders. The phase diagram is qualitatively classified into
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FIG. 3. The phase diagram for s1 = 1/2 and s2 = 1. (a):
γ‖ = 1. (b): γ‖ = 1/2 for solid line and γ‖ = 1/3 for dashed
line.
(I) 3/4 < γ‖ ≤ 1, (II) 1/2 < γ‖ ≤ 3/4, (III) γ‖ = 1/2,
(IV) 1/4 < γ‖ < 1/2 and (V) γ‖ ≤ 1/4, according to
how many critical lines of the categolies (i), (ii) and (iii)
appear. In Fig.3, we present some examples of the phase
diagram. In Fig.3(a), there appear three kind of massive
phases separated by two massless lines (case (I)). If we
trace the phase diagram along the R-axis (γ = 0 line),
we can easily specify the phases A and B in terms of
B
A
FIG. 4. VBS states for the phases A and B.
VBS picture in Fig.4 (in the case γ‖ = 1 see
12). What
is most interesting is the appearance of the new phase
C, separated from the others by another massless line
which belongs to the category (iii). Namely this phase
is caused by the interplay between the bond-alternation
and the spin-alternation. In order to see what kind of the
ground state is indeed realized in the phase C, let us first
start with a point in the region A, and move parallel to
γ-axis toward the γ = −1 direction. In this process, the
interaction between two s2 = 1 spins is decreased, so that
one of the valence-bond changes its partner, and we thus
reach the phase B. Then the question is what happens
when the interaction between two s1 = 1/2 spins is fur-
ther increased. We then expect that s1 = 1/2 spins form
the valence-bond, and as a consequence s2 = 1 spins can-
not help forming the valence-bond again, which results
in the phase C. Therefore, it is natural to conclude that
the resulting ground state in the phase C is identical to
that in the phase A. So far we have discussed the phase
diagram of (I). The diagram of (II) is similar to (I), but
without the line (iii) in Fig.3(a) and hence without the
phase C.
Shown in Fig.3(b) is another example of the phase di-
agram for which the critical line is essentially determined
by the spin-alternation itself (cases (III) and (IV)). What
is to be noted is the difference between two cases, the crit-
ical line for which is indicated by the solid line (γ‖ = 1/2)
and the dashed line (γ‖ = 1/3). For example, if we
change the ratio of R with γ = 0 being fixed, we en-
counter the phase transition in the former case, while in
the latter case we are always in the A phase. Also, if we
start from γ = −1 with rather small R towards γ = 1
direction, we may be always in the phase B in the former
case, while in the latter case we experience the transition
from the phase B to A before γ = 0. We note that the
phase diagram of (V) has no critical lines, and hence has
4
only the phase A.
VI. SUMMARY AND DISCUSSIONS
We have proposed a spin-alternating ladder model,
which shows interesting interplay between the bond-
alternation and the spin-alternation. We have indeed
shown how the spin-alternation affects the quantum
phase transitions, and have derived the phase diagram
by means of O(3) nonlinear sigma model techniques.
Here, some comments are in order. First we wish to
mention the effects of frustration which have been ig-
nored in this paper. For example, if we include the next-
nearest interaction, some interesting phenomena may be
expected to happen. However, as far as such frustra-
tion is small enough to be treated as a perturbation, it
merely renormalizes the coupling g and the velocity vs,
for which the present conclusion may be still valid. The
detailed study on the effect of frustration is an interesting
issue to be explored in the future study. Another com-
ment is on the quantitative arguments for the phase dia-
gram. Even for ordinary spin chains, the predicted values
by the NLSM for the bond-alternation parameter which
causes massless phases4 are slightly different from those
obtained by numerical calculations5. Nevertheless, it is
believed that the NLSM can describe qualitatively cor-
rect low-energy properties, and the number of the mass-
less phases in varying the bond-alternation parameter is
correctly predicted. We believe that these statements
are also the case for our model, and the present analysis
based on the NLSM should provide the qualitatively cor-
rect phase diagram, although the predicted critical lines
should be somehowmodified by more accurate treatment.
To conclude the paper, we wish to emphasize again
that although the model we proposed in this paper seems
somewhat complicated at first sight, it is a generalized
model which naturally interpolates various interesting
quantum spin systems investigated intensively. For ex-
ample, if we set γ = 1, the model is reduced to a single
chain composed of two kind of spins, while for the case
γ = 0 and s1 = s2 it becomes a usual ladder model.
What is the merit of studying the present model is that a
wider class of spin models can be treated on an equal foot-
ing. So far, spin ladder systems with the spin-alternation
have not been found experimentally. We hope that a lad-
der system proposed here, or a system which naturally
interpolates spin chains and ladders can be realized ex-
perimentally in the near future. These issues then pro-
vide new paradigms of the quantum phase transitions for
low-dimensional spin systems. In such cases, the present
model could serve as a key model which connects the
physics of various spin systems such as the spin ladder,
the alternating spin chain, etc.
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